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Abstract. For a two dimensional, weakly coupled system of fermions at temperature zero, 
one principal ingredient used to control the composition of the associated renormalization 
group maps is the careful counting of the number of quartets of sectors that are consistent 
with conservation of momentum. A similar counting argument is made to show that particle- 
particle ladders are irrelevant in the case of an asymmetric Fermi curve. 
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XVIII. Introduction to Part 4 



In the application of the results of Parts 1 through 3 to many fermion sys- 
tems ([FKTfl-f3]) the effective potential and all the quantities derived from it will con- 
serve particle number. Particle number conservation implies that sectorized functions 
si), •••,(•, s„)) e To{n;Ti), where S is a sectorization, vanish unless the configura- 
tion si, - • ■ ,Sn of sectors is consistent with conservation of momentum (for a more precise 
statement see Definition XX. 1 and Remark XX.2). We shall count the number of configu- 
rations si, • • • , s„ of sectors consistent with conservation of momentum that satisfy certain 
constraints. The results are used to compare different norms for four point functions (Propo- 
sition XIX. 1), and to compare norms associated to different sectorizations at different scales 
(Proposition XIX.4). The latter is crucial for a multi scale analysis of many fermion systems 
([FKTfl-f3]). Notation tables are provided at the end of the paper. 

We retain the assumptions that the dispersion relation e(k) is r + d + 1 times 
differ entiable, with r > 2 and d = 2, and that its gradient does not vanish on the Fermi 
curve F = { k e | e(k) = }. All the above results hold under additional geometric 
assumptions on the geometry of the Fermi curve F. First of all, we assume throughout the 
rest of the paper that the Fermi curve F is strictly convex, with curvature bounded away 
from zero. If the dispersion relation e(k) is that of a background electric field alone then 
e(k) = e(— k) and the Fermi curve F is symmetric about the origin. That is, k e F if and 
only if — k in F. 

Definition XVIII. 1 

i) Since F is strictly convex, for each point k e F there is a unique point a(k) e F different 
from k such that the tangent lines to F at k and a(k) are parallel. a(k) is called the antipode 
of k. 

ii) We say that F is symmetric about a point p G if F = {2p — k|kGF}. 

Example XVIII. 2 If F is symmetric about a point p then a(k) = 2p — k for all k e F. 

Symmetry of the Fermi curve about a point allows for the formation of Cooper pairs 
and the phase transition to a superconducting state. In [FKTfl-3] we show that this is the 
only instability in a broad class of short range many fermion models. We now make a precise 
asymmetry assumption on the geometry of the Fermi surface. 
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Definition XVIII.3 Choose an orientation for F. 

i) Let k G -F, t the oriented unit tangent vector to F at k and ri the inward pointing unit 
normal vector to F at k. Then there is a function ip\^{s), defined on a neighbourhood of in 
IR, such that s h- > k + st + Lp\^{s)\i is an oriented parametrization of F near k. 

ii) We say that F is strongly asymmetric if there is no G IN, with no < r, such that for each 
k e F there exists an n < no such that 

Remark XVIII.4 

i) By construction, <y9k(0) = <^k(0) = and </3k(0) is the curvature of F at k. 

ii) If F is symmetric under inversion in some point p e H^, then (f\r_ = <^a(k) for all k e F. 

iii) In [FKTa] we show that independent electrons in a suitably chosen periodic electromag- 
netic background field have a dispersion relation whose associated Fermi curve, for suitably 
chosen chemical potential, is smooth, strictly convex, strongly asymmetric and has nonzero 
curvature everywhere. 

iv) In [FKTfl-3] we show that a many fermion system with a strongly asymmetric Fermi 
surface and weak, short range interaction is a Fermi liquid. 

Throughout the rest of the paper we assume, unless otherwise stated, that the Fermi 
surface is strictly convex and either symmetric about a point or strictly asymmetric in the 
sense of Definition XVIII.3. In Section XXII, we derive a sector counting result that holds 
only for strongly asymmetric Fermi curves and use it to get an estimate on particle-particle 
bubbles that is better than the logarithmic divergence that, in the case of a symmetric Fermi 
surface, is responsible for the Cooper instability. 

We emphasize that for the sector counting arguments of Section XX, the fact that 
the model is in two space dimensions is crucial. Propositions XX. 10 and XX. 11 would not 
hold in a three dimensional situation. See [FKTfl, §11, subsection 8]. 
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XIX. Comparison of Norms 



Theorem XV.3 indicates that ladders give the dominant contributions to wq^^. The 
I • I3 J. norm of ladders will be estimated in §XXII and [FKTl]. To control the N{w; • • •) 
norms of w, we develop a bound on the | • |i iiorm of a ladder in terms of its | • I3 norm. 

Proposition XIX. 1 Let T, be a sectorization of length j^kjrs ^ ^ ^ mTT^ scale j > 4. 
Furthermore let (p e .Fo(4, S) and f e ^4:--e be particle number conserving functions. Then 

^ const J |^|3 J, and l/li J. < const\ \f\^^^ 

with a constant const that is independent of M, j, S 

This Proposition is proven after Lemma XXI. 1. In the renormalization group analy- 
sis, we go from scale to scale. After integrating out scale j, we shall have an effective potential 
W with a representative w, sectorized at scale j; and we will have an estimate on the norm 
of w. To apply Theorem XV.3 at scale j + 1 we then need a representative for W that is 
sectorized at scale j + 1 and estimates on it. This change of sectorizations is implemented by 

Definition XIX. 2 Let j, i > 2. Let S and S' be sectorizations of length I at scale j and 
length [' at scale i, respectively. If i j, define, for functions (p on B'^ x x S')"' and / on 

f " 

fi:im,-,vm;{^i,si),-,{^u,sn)) = E / d^[---d^'„f{vir--,Vrn;{^[,s[),---,(CAj)IlX8A^£,^e) 

where Xsi s £ S is the partition of unity of Lemma XII. 3 and (XIII. 2). If is translation 
invariant and antisymmetric under permutation of its r] arguments, then e Tmij^'-, S). For 
1 = 2 and E' = S, define <^x; = <^ and /e = /. 



Remark XIX.3 

i) If w G jFo(2;S') is an antisymmetric, spin independent and particle number conserving 
function then 

UT.{k)=u{k) {D^^^\k)f 
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ii) For a function (f on B"^ x (B x E')"' one has {^Pt)^ = {v^)^- 

iii) Let j,ii,i2 > 2 with Z2 > H- Let E, Ei and E2 be sectorizations at scales j, Zi and 12 
respectively. Then, for each function (p on B"^ X (i3 X E) and each function / on B'" x (i3 x E) " 

(^Ei)s2 " ^^^2 and (/ei)s2 = -^^2 

Proposition XIX.4 Let j > i > 2, ^^-3/2 < ^ < mu-i)/2 and -^t^ < I' < Ma-^)/^ 
with 4[ < Let E and E' he sectorizations of length i at scale j and length l' at scale i, 
respectively. Let (p e J'm{P''i '^') and f G JF^{n\ E') he particle numher conserving functions. 

ijlfm^Q 

I^'eIi^j, < const" tj-i [j]" kli^s/ 

ii) If f is antisymmetric in its {^,s) arguments, then for all p 

l-^^lp,E - const" Cj_i [L]"+"* P Vip.E' 

Moreover, if i > j^^/la-i) ? ^' ^ o-f^d n > 3 

|/e|i < const" Cj_i [L]"+"^ ^(|/li,E' + fI/Is.E') 

If f is antisymmetric in its (C) s) arguments, then for all p 

I/^'Le' < const" Ci_i [\Y ""l/lp,!: 
ifere const is a constant that is independent of M, j, E 
This Proposition is proved after Lemma XXL4. 

Remark XIX. 5 Since for m = the norms \(p\p and \(p\p agree, Proposition XIX. 4. ii 
implies that, in the case that I > j^2/l(j-i) and 4[ < [' < for antisymmetric (f e .Fo(n; E') 

|^e|i < const Cj-i\(f\^^^, 
k^l3,E - const Cj_i|<^|3 j., 

< const" Cj_i [t]''"^(|V'Ii,e' + F IV'l3,E') 



if n = 2 
if n = 4 

if n > 4 
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The resectorization of functions on = [BU {B x S))"' is defined just as in 
Definition XIX. 2. To be precise, recall from Remark XVI. 3 and Definition XVI.2.iii that 

= [j %(S)x---xX,„(S) 

where Xo(S) = B and = B x S. Furthermore, for each i= (^l,•••,^n) £ {0,1}"', 
the map Ord gives a bijection between functions on Xj^ (S) x • • • x Xi^ (S) and functions on 
gm(r) X (B X where m(i} =n-ii in- 

Definition XIX. 6 Let j, i > 2. Let S and E' be sectorizations of length [ at scale j and 
length r at scale i, respectively. 

i) Let 1= (ii, ■ ■ ■ G {0, 1}"^ and / a function on Xi^(E') x ■ ■ ■ x Xi„(E'). Then /x; is the 
function on Xi^(S) x ■ ■ ■ x Xi^(E) determined by Ord (/s) = (Ord/)^- 

ii) If / is a function on Xg/ , its resectorization is the function on Xg determined by 

for all re{0,ir 

From Proposition XIX.4, we have 

Corollary XIX. 7 Let j > i>2, < I < j^^^l^y^ and jjr^ < i' < mH-^)/^ 

4[ < Let S and S' be sectorizations of length I at scale j and length I' at scale i, respectively. 

Let f e Tn-Yi' be an antisymmetric particle number conserving function. Then for all p 

Moreover, if I > ^2/3(j-i) ? ^' < | and n>A 

In the renormalization group analysis of [FKTfl-f3], the numbers po;n used as 
weights in the norms Nj of Definition XV. 1 do not depend on the scale j. As pointed 
out in Remark XV. 2, boundedness in j of the norms Nj implies that the coefficient of t^ 
in |tyo,2|i Y, positive power counting (that is, tends to zero as a power of -^) and the 
coefficient of in |wo,4l3 ^ neutral power counting. The other contributions Wm,n behave 
well with respect to resectorization. 
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Corollary XIX. 8 Fix | < ^ < | cb'^T'd let j > . Let 'Sj+i and T,j be sectorizations of 
length ij^i = j^^^O'+i) o-t scale j + 1 and Ij = at scale j, respectively. Let p= {pm;n) be 
a system of positive real numbers obeying (XV. 1) and set 



Pm;n 



Pm;n if m = 



4/ ijM^ _ 1 -r p, 

V tj + iM3 + i Pm;n — j^(i-n)/4 Pm;n IJ m > U 

Let 

w{<p,ip)= J2 J2 



m , n 
m-\-n even 



with Wm,n G ^m{n]T^j) , be an even 'Ej -sectorized particle number conserving Grassmann 
function with wq^2 — and Wm,o — for all m. If M is big enough, then 

Nj+i{wj:.^^;64a;X, Sj+i,p) < const tj+i{X) Nj{w; ^; X, T,j,p') 

with the constant const independent of M, j, T,j and Ej+i . If in addition wo^4 = 0, then 

Nj+i{wj:.^,;6Aa; X,Ej+i, p) < j^^^^^ tj+i{X) Nj{w; ^; X,Ej, p') 



Proof: We apply Proposition XIX. 4 with j replaced by j + 1, i = j, I = Ij+i and [' = Ij. 
Observe that the hypotheses of part (ii) are fulfilled. In this proof, use | • {-^ p to designate 
the norm of Definition XV. 1 using the indicated p. 
If m, n > 1, by Proposition XIX. 4. i, 

Mgl^ e,+,(X) (64«)- C-^r^' |(...,.)...J.,,,,, 

= {Q^a)"" Cj^y^^ Pm;n\{Wm,nhj+,\^^j..^^ 



< const C,C, + i(X) (|-^) yW^) ^(2) (mj) Pm;nFm,n|i,s, 

< const tj^xWyj^T^'j —^Al.) Vm) Fm,n|E,,p' 
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if M is large enough. If m = and n > 4, by Proposition XIX.4.ii and Remark XVI. 5, 



e,+i(X) (64a)^ (^)"/' \i^m,nh^.A^^,„, 
= ^e,+,(X)(64a)-(^)-/%0;. 

. , , „ , , n/2 



l_ - 7 — j-r^ J I 

< const Cj ej + i(A j — j ImtJ m("-4)/2 I— j 



[,.+ix(n-2)/2 
— — ' PO;n 



^'V^M2^'r /^aA" /-'j B^^n/2 ^ ^ [■ x(n-4)/2 , 

const ej-+i(^A j — c^- j ImtJ m("-4)/2 lT-;ri Po;n 

I^O,n|i,E, + J- l«'0,n|3,E, + ^O.nls.E, 
-(i-x)/8 + const 5^,4) ei+l(^) ^ ej(X) (f (^)''^^ ko,n|s,.,p' 



< 



— const 



The analog of Corollary XIX. 8 for the norms is 

Corollary XIX. 9 Fix | < ^ < | ond let j > 2_\^ • iet S^+i and Hj be sectorizations of 
length Ij+i = j^^^o'+i) sca/e j + 1 and ij = at scale j, respectively. Let p= (pm;n) be 
a system of positive real numbers obeying (XVII. 1). Let 



w 



n -^s 



with fn e f^n;T, antisymmetric, be an even Tij -sectorized particle number conserving Grass- 
mann function with /2 = 0. If M is big enough, then 

A^j^i(i(;E,+i;64a;X, < const ej+i(X) iV~(t(;; f ;X,Sj,p) 

with the constant const independent of M, j, and Sj+i . If, in addition /4 = 0, then 

iX)N-{w;f,X, S,,p) 
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Proof: If n > 4, by Proposition XIX.4.ii with j replaced by j + 1, i = j, I = Ij+i and [' = Ij, 
e,+,(X) (64a)" {'iff^)"" |(/„).,,j;^,^. 



p=2 3 + 1 

< const CjC-, + i(Aj -(— iwi M("-4)/2 ("iri 
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{ ( J+i ) (|/^ll,E^,p + \ |/"l3,S,.,p) + % IKffW^T ( ) ^ |/"lp,E,-,p} 

< const tj + i[X) — Cj[^) [^) M("-4)/2 iT^^j 

< con..-e,+i(X) (^)^'^"'^''^ e,(X) (f (B)-/^ \UQ^ 
^ (m(i-n)/8 + const 5^,4) ej+i(X) ^e-,(X) (f) (■^) ^ l/nls,. 



The positive power counting of |tyo,2|i x; is achieved by renormahzation. That is, 
we choose the counterterm in such a way that, at each scale, the restriction of the Fourier 
transform of wq^^ to the Fermi surface is small. The following Proposition ensures that then 
|'?^o,2|i s is also small. 

Definition XIX. 10 The function u e J^o{2; S) is said to vanish at A;o = if 

•u(((0, k), cr, a, s), ((0, k), <t', a, s')) = 
for all a, a' e {0, 1}, a, a' e {t, 1} and s, s' e S. 

Proposition XIX. 11 There is a constant const, independent of M , such that the following 
holds: Let j > i > 2 and E and E' be sectorizations at scale j and i, respectively. If i = j 
assume that E = E'. Let u e J-o{2; E') be a function that vanishes at ko = 0. Then 

i) 

\uj:\i^j: < const j^Cj-i\v[]^^'^\\^^^,+ Yl <>ot^ 

a) 
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Proof: i) Fix si, S2 £ S. If z < j, by Lemma II. 7, Lemma IX. 6. i, Lemma XIII. 3 and (XIII. 4) 

|ks((ei,si),(€2,S2))|L ^ < const max / dr,idri2u{{ni,s[),{n2,s'2)) Xsi('?i,€i) Xsal'^s.^a) 

< const ||xs2 111 ^ max dmu{im,s'i),i-A)) XsAi^'-) 



< const Cj-i II ^^11^1 max ||r>J^^°'°^M((.,s'i),(.,si) 11^^^ + X) 



< const ^ C|_, Ivi'f'''^ l + E OOt^ 

5eINo XIN^ 

< const Cj_i \V[]^^'^\ \^^, + J2 "^t^ 



Similarly, if i = j and S = S', then setting 



(which just differs by a | from the definition of Xs{k) in (XIII.2)), we have, using the support 
property of Definition XII. 4. ii. 



|wE((a,Sl),(6,S2))||i_^ = ||w((6,Sl),(^2,S2))||j^^ 

^ / dryi d772 w((77i, Si), (772,82)) xi'^'' l'?! .^i ) xl' ^ ('72 ,^2) 

J dr]i dri2 'u((?7i,si),(»?2,S2)) x[l^ {vi,ii) xi^^ {^2,^2) 
< const Cj-i \v\^f'^^U ^ + 



< const max 



5eINo XiNg 



Since for every si e S there are at most three sectors S2 with si fl S2 7^ 0, in both cases 



«6INoXlNrd 

60^0 



ii) If i = J and S = S' the statement is trivial. So assume that i < j. Fix si, S2 € S. By 
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Lemma IX.G.ii (twice), Lemma XIIL3 and (XIIL4) 

< const max V[^2'^ldVidv2u{{rius[),{V2,S2))Xsii'nu^i)Xs2i' 

< const ^||Xs2 II 1,00 + 1 1 a;o 5^(2^)11^1) V[^f'^^j dmu{{mA),{-A)) Xsi(m,-) 



1,00 



< const Cj-i(\\xsA\i,oo + ||a:o fe^(a^)llri) max \\v[h^'^^u{{- ,s[),{- ,s'^)) \\ 



s[,s'^e^' 



^ 1^(1,0,0) I 

^ const Cj_i I 2 "^li E' 



Corollary XIX. 12 There is a constant const, independent of M , such that the following 
holds: Let be a sectorization of scale j >2 and u e ^o(2; S) be a function that vanishes at 
ko = 0. LetX e ^d+i- If 

,(1,0,0)^ 



then 



So=ro 



\u\^^< const ^Cj-iX 



Proof: By Proposition XlX.ll.i and (XIIL4) 



\u\^j.< const j^Cj-i\V\y 'u\^^+ OOt^ < const j^Cj-iX + ^ OOt^ 



Also 



\u\ 



So=0 

= to\vi'f'%l^+ JZoot' 



since toCj-i < 
estimates on |w 5^ 



<toCj-iX+ OOt^ + ^ OOt^ 

< ^Cj-iX+ Z oct' 

So=0 

Cj-i. The Corollary now follows by taking the minimum of the two 
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Corollary XIX. 13 Let j > i>2 andT, andT,' he sectorizations at scale j andi, respectively. 
Let u e ^o(2; S') vanish at ko = 0. Assume that \u \^ ^, < XCi for some A > 0. Then 

l^sli X) — const A -M^^jCj — i 

Proof: By hypothesis 

\V[]^^'^^U\^^, < const XM\i+ 

So=ro 

Therefore, by Proposition XlX.ll.i and (XIII.4) 

■s< const j^Cj-i\'D[\^'^\\ + Yl OO t^ < const Xj^j^Cj-i + Yl 0° 

Also, by Proposition XlX.ll.ii 

So=0 

< const {to Cj-i) \V[^2'^^'^ ll E' S 

So=0 

< const {j^Cj-i) XM'a + E OOt^+ 

< const X Cj—i + E 00 t^ 

So=0 

Again, the Corollary follows by taking the minimum of the two estimates on \u-£ \^ ■ 

When we start the multi scale analysis in [FKTf2], the effective potential after 
integrating out the first scales does not have a natural sectorized representative (see also 
Theorem VIII. 6). Therefore we need analogs of Definition XIX. 2 and Proposition XIX.4 that 
pass from unsectorized functions to sectorized functions (see also Example XII. 5). 

Definition XIX.14 Let S be a sectorization of scale j > 2. For a function / on B'^ x B'^ 
define the function on B'^ x (B x S)"^ by 

fY,{ni,---,'nm,;{ii,si),---,{in,Sn)) = / 11 i'^^'i Xsj(€i,€i)) f {m,---, 

J i=l 

where Xs is the partition of unity of Lemma XIL3. 
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Proposition XIX. 15 Let T, be a sectorization of scale j > and f e ^min), f £ f'm{i^) 
particle number conserving functions that are antisymmetric in their ^-variables. 

i) If m — and f is translation invariant, then for all p < n 

|/e|p^j^ < consi" Cj_i ||/||l,oo 



a) If m 

|/e|,,^< [^]"c,-l||/||l,oo 

Hi) IfO<m<p<m + n 



The proof of part (i) of this Proposition is analogous to that of Proposition XIX. 4, and part 
(ii) was already proven in Example XII. 10. The proof of part (iii) is similar to that of part 
(ii). 
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XX. Sums of Momenta and e — separated Sets 



In the next section we shall exploit conservation of momentum to prove Proposition 
XIX. 1, relating the 1- and 3-norms of a four-legged kernel, and Proposition XIX. 4, con- 
cerning the behaviour of norms under change of sectorization. Conservation of momentum is 
equivalent to translation invariance in position space. 

The following Definition is motivated by Definition B.I.N of [FKTo2] , of conservation 
of particle number, and Definition XVI. 7.i, of the spaces TmiP''-, 

Definition XX. 1 A configuration {fji, ■ ■ • ,fim', si,---,s„) e B'^ x S", where S is a sec- 
torization of some scale j, is consistent with conservation of momentum for the sequence 
(ai, • • • , an) of creation-annihilation indices if there are fci, • • • , A;n G IR x H^, with ki in the 
extended sector Sj for each i = 1, • • • , n, such that 

m n 

E(-i)Si + E(-ir^i = o 

where f]i = {pi,ai,bi). 

We say that the configuration (771, • ■ ■ , 77^; si, ■ ■ ■ , s^) is consistent with conservation of mo- 
mentum if it is consistent with conservation of momentum for some sequence (ai, • • • , a„) € 
{0, 1}"^ of creation-annihilation indices such that 

#{ i I a, = } + #{ £ I 6^ = } - #{ i I a, - 1 } + #{ £ I 6^ = 1 } 

Remark XX. 2 Let S be a sectorization of scale j. 

i) If / G ^rn{n; S) preserves particle number then 

/('7i,---,'7m;( • •••,(• = 
unless the configuration (171, • • • , fjm', si, ■ ■ ■ , s^) is consistent with conservation of momentum. 

ii) If a configuration (fji, - ■ ■ , fjm', si, • • • , Sn) is consistent with conservation of momentum for 
the sequence (ai, • • • , a„) of creation— annihilation indices then there are ki, • • • , k„ e such 
that 

m n 

E(-i)'*Pi+E(-irk, = o 

and 

7rj.((0,k0)es , |e(kO|<^ 
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for z = 1, • • • , n. 



The comparison of the 1- and 3- norms of a four-legged kernel (Proposition XIX. 1) 
uses an estimate on the maximal number of triples (52,^3,84) of sectors that complete a 
given sector si to a quadruple (81,52,^3,54) that is consistent with conservation of momen- 
tum (Proposition XX. 10). Similarly, the estimate on the behaviour of norms under change 
of sectorization (Proposition XIX. 4) is based on estimates of the number of (2n)-tuples 
(si, ■ ■ ■ ,S2n) of sectors that are consistent with conservation of momentum and such that 
each Si intersects a given bigger sector from another sectorization (Proposition XX. 11). 

We reduce these counting problems to problems of estimating volumes of sets in 
momentum space that are characterized by the geometric constraints that the sectors are 
required to satisfy. To pass from volume estimates to sector counting we use the concept of 
e-separated sets (see also [G, p.22]). 

e — separated sets 

Let M be a Riemannian manifold of dimension n. For any two points x,y & M we 
denote by d{x, y) the distance between x and y in M. For x E M and r > let 

Br{x) = { y e M I d{x,y) < r } 

be the open ball of radius r around x. We set, for e > 0, 

VM,e= ,inf ^ vol 5^/2 (a;) 

xeM, Q<r<e ^ i ^ ' 

where vol denotes the volume with respect to the Riemannian metric on M. For a subset 
Ad M and 5 > we call 

As = {x eM \ inf d(a;, y) < S } 

the (closed) (^-neighbourhood of A. If X is a tangent vector to M at the point x we denote 
by ||X|| the length of X with respect to the Riemannian metric on M. 

If / is a differentiable map from M to another Riemannian manifold N we denote 
by Df{x) the derivative of / at the point x e M. The point x is said to be a critical point 
of / if Df{x) has rank strictly less than the dimension of N. 

Definition XX. 3 Let e > 0. A subset F of M is called e-separated if for any two different 

7, y e r 

cZ(7,7') > e 
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Example. Let E be a sectorization of length I and let F be the set of centers of the intervals 
s n F, s e E. If e < 7 1/8, then F is an e-separated subset of the Fermi curve F and more 
generally F" is an e-separated subset of F". 

We wish to count, for example, for a given sector 54, the number of triples of sectors 
(si, S2, S3) such that there exist kj e Sj obeying ki + k2 — ks — k4 = 0. If (si, S2, S3) are such 
sectors, then the map 

f : F X F xF — ^IR^ 

(ki, k2, ks) I — ^ ki + k2 - k3 
maps F^ n (si x S2 x S3) to a neighbourhood of S4. We start with an abstract lemma counting 
the number of points of an e-separated set F in the preimage of a specified set A under a 
specified map /. 

Lemma XX.4 Let M be a Riemannian manifold of dimension n and f : M ^ JR'^ a 
differentiable map. For x & M denote by Df{x) the derivative of f at the point x. Let 
^1) ■ ■ ■ ) be an orthonormal basis of IR*^. Set, for i = 1, ■ ■ ■ ,d 

Ci — sup sup { l^^i ■ F)f[x)v\ I f is a unit tangent vector to M at a; } 
Furthermore, for any subset A of and any e > set 

d 

A'{e) = { y e I 3{ti, ■■■,td)e (-e, ef such that 2/ + E ^i^'i^i ^ A } 

i=l 

Then for all A C JR^, eo > 0, < e < eo and all e-separated subsets T of M 

#(/-^(A)nr) < ,^voi(/-i(A'(e))) 

Proof: If 7 G f~^{A) fl F and x e M with d{x,^) < e/2, then, by the assumption on the 
derivative of / for i = 1, ■ ■ ■ ,d 

\ni-{fix)-fi^))\<Qe 

so that f{x) G A'(e). Obviously the sets B^/2{j), 7 G f~^{A) flF are pairwise disjoint. 
Consequently, by the definition of VM,eQ 

^M,eo6"#(/-'(^)nF) < E V0l(i?,/2(7)) 

7e/-i(^)nr 

= vol( U i?,/2(7)) 
7e/-i(^)nr 

<vol(/-i(A'(e))) 
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Sums of Momenta 

For the proofs of Propositions XX. 10 and XX. 11 we shall apply the discussion of 
the previous subsection with F being the set of centers of sectors of a given sectorization. 
The proofs of these Propositions then lead to the problem of estimating the number of points 

(ki, ■ ■ ■ , k„, k„+i, ■ ■ ■ , k2n-i) e F^^-i such that ki H h k„ - k„+i ^2n-i is close 

to q. Thus we are lead to studying the maps 

p2n-l ^ jj^2 

(ki, • • • , k„, k„_|_i, • • • , k2n-i) I — ki H h k^ — k„+i — • • • — k.2n-i 

and the intersection of preimages of sets in JR^ with r^"~^. Outside a neighbourhood of the 
set of critical points of this map this can usually be done using Lemma XX.4. The critical 
points of the map are exactly those points (ki, • • • , k2n-i) £ F^^~^ for which the tangent lines 
of F at ki, • • • , k2n-i are all parallel. This is the case if and only all the points k2, • • • , k2n-i 
coincide either with ki or its antipode a(ki). 
For k e F and < A < [, we call 

SA,[(k) = { q e 1R2 I |e(q)| < A, dj.(q',k) < 1/2 } 

the two dimensional sector of length / and width A around k. Here q i-^ q' is the projection 
to the Fermi curve introduced in §XI and used in Definition XII. l.i of [FKTo3] and dp is the 
intrinsic metric on F. 

Near critical points of the map discussed above we shall use 

Proposition XX. 5 Let k, ki, ■ ■ ■ , k2n-3 £ F and u > be such that for i = 1, • • • , 2n — 3 
one has ||kj — k|| < u> or ||kj — a(k)|| < u> . Let ei, • • ■e2n-3 G {=tl} <^"^ 

q = eiki H h e2n-3k2n-3 

Furthermore, let < A < I < u and let n resp. t be unit normal resp. tangent vector of F at 
k. Then 

{ eixi H \-e2n-3X2n-3 I Xi e SA,[(ki) } 

is contained in the rectangle 

I q + tin + t2t I \ti\ < n const (A + ko), 1^2 1 < 4nl } 

The constant const depends only on the geometry of F. 
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Proof: Without loss of generality we may assume that ii = (0,1) and t = (1,0) . The 
angle between F and the ki direction at a point q e F is bounded by const ||q — k|| and 
const ||q — a(k)|| . Therefore SA,[(kj) is contained in a rectangle that is centered at kj and has 
two edges parallel to the ki axis of length 2[ and two edges parallel to the k2 axis of length 
const (A+ [min{||kj — k||, ||ki — a(k)||}) < const{A + luj). The claim now follows. ■ 

Proposition XX. 6 Let k, ki,- • •,k2n-i E F , I C {!,■ ■ J C {n + 1, • • • , 2n — 1} and 

u a positive real number smaller than the diameter of F such that ||kj — k|| < uj for iElUJ 
and ||kj — a(k)|| < oj for j ^ I U J. Furthermore, let p e and < A < [ < a;. Assume 
that there are points Xi e SA,[(k^), z = 1, • • • , 2n — 1 such that 

\\xi H \-Xn - Xn+l X2n-1 " P|| < 21 

Then 
i) 

Hp - (|/| - I J|)k+ (|/| - I J| - l)a(k)|| < constnuj 

ii) IfpeF then 

\\p — liW < const nu> or Hp — a(k)|| < const no; 
The constants const depend only on the geometry of F. 

Proof: By Proposition XX. 5, 

H \-Xn - Xn+i X2n-i - (ki H h k„ - k^+1 k2„-i) || 

< (n + l)const (A + ko) + 4(n + 1)1 < const nu> 

Since 

||ki H |-k„ — k„+i k2n-i — |-f|k— (n— |/|)a(k) + | J|k+ (n — 1 — | J|)a(k)|| < const ruo 

part (i) follows. To prove part (ii) assume that p e F. Set r = |/|,s = |J|. By possibly 
interchanging k with its antipode, we may assume that r > s. If r = s or r = s + l part (ii) 
it follows directly from part (i) that ||p — k|| < const nuj. So we assume that r — s >2. 
Let Xi e SA,i(kj), i = 1, • • • , 2n — 1 such that 

y = Xi-{ \-Xn - Xn+l a;2n-l 
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has distance at most 21 from p. Let n be the outward pointing unit normal vector of F at k. 
Then (k — a(k)) • n > consti and 

\{xi — k) • n| < \\xi — kj|| + ||kj — k|| < const (A + [) + a; < constco 

for i e / U J. Similarly for j ^ / U J 

\{xj — a(k)) • n\ < const uj 

Consequently 

I {xi + ■ • ■ + Xn — Xn+i — ■ • ■ — X2n-i — k) • n — (r — s — 1) (k — a(k)) • n| < (2n — 1) constuj 
and therefore 

(j/ — k) • n > A((r — s — 1) — const nu) 

with strictly positive constants A, const. 

The tangent line to F at k is a "supporting hyperplane" for the convex hull of F. 
Therefore 

Fr]{xeM^ I (a;-k)-n>O} = 

So 

> (p — k) • n = (p — ?/) • n + (y — k) • n 

> (p — y) ■ n + A((r — s — 1) — n constto) 
As \{p — y) ■ n\ < 21 and hence (p — y) • n > — 2[ > —2u> > — n const OJ, this shows that 

n > const - — - — - > const' — 

since r — s > 2. Thus no; is larger than some strictly positive constant and the estimate of 
part (ii) holds. ■ 

Pairs of Momenta 

Lemma XX. 7 Let ei, €2 G {±1}. There is a subset X of F x F and a constant C such that 

i) For every p e IR^ 

#{ (ki,k2) ex I eiki + e2k2 = p } <C 

ii) {F X F)\X has measure zero. 
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Proof: We may assume that ei = +1. If 62 



1 . then we claim that, for every p 7^ 



#{ (ki, ka) e F X F I ki - k2 = p } < 2 (XX.1) 

In this case, the Lemma with C = 2 and X = | (ki,k2) | ki,k2 G F, ki 7^ k2 } follows 
directly from (XX. 1). To prove (XX. 1), choose a nonzero vector v perpendicular to p. Assume 
that there are distinct pairs (ki, k2), (ks, k4), (ks, kg) such that ki— k2 = ks— k4 = ks — kg = 
p. Without loss of generality wc assume that ki ■ v < ■ v < ■ v. By convexity, the 
parallelogram, P, with vertices ki,k2,k5,k6 is contained in the convex hull of F. The 




segment joining ka and k4 must cross this parallelogram. Therefore ka and k4 lie on the 
edges of P. This contradicts the strict convexity of F. 

Formula (XX. 1) may be phrased in more geometrical terms as follows. Let s be a 
secant of F (that is, a straight line segment joining two different points ki,k2 G F). Then 
there is at most one other secant s' for F that is parallel to s and has the same length. In 
the case that there is no second such secant, we set s' = s. Clearly there are r, i? > such 
that for all k e F 

i) S^(k)nSH(a(k)) = 

ii) For any secant s C -B^(k) one has s' C Bji{a{'k)) 




Now consider €2 = +1. If F is invariant under inversion in some point po G H^, 
then, for p 7^ 2po, 

#{ (ki,k2) e F X F I ki + k2 = p } = #{ (ki,k^) e F X F I ki + (2po - k^) = p } < 2 
by the case €2 = —1. 
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Now we discuss the case that F is strongly asymmetric in the sense of Definition 
XVIII. 3. Since F x F is compact, it suffices to show that for each point (ki,k2) E F x F 
there exists a neighbourhood U of (ki,k2) in F x F, a subset U' of U whose complement 
U\U' has measure zero and a number m such that, for all p e H^, 

#{ (qi, q2) e f/' I qi + q2 = P } < TO 

If k2 7^ ki,a(ki), then the map (qi,q2) >— > qi + q2 has rank 2 at (ki,k2). By the in- 
verse function Theorem, there is a neighbourhood U of (ki,k2) such that for all p e 

#{ (qi,q2)eC^ | ql + q2 = p}<l• 
Next assume that ki = k2 = k. Let = { (qi)q2) £ \ ||qi— k||, ||q2 — k|| < r }, 
where r is defined in the discussion of secants above. We claim that for (qi, q2), (q'l, q2) e C/r 

qi + q2 = qi + q2 (qi, q2) = (q'l, q2) or (qi, q2) = (qa, q'l) 

Assume that qi +q2 = qi + q2 and (qi, qa) ^ (qi, q2), (q2, qi)- Then qi -qi = qa -q2 7^ 0, 
so that the sector s of F joining qi to qi is parallel to and of the same length as, but disjoint 
from the sector s joining q2 to q2. Therefore, s = s' where, as above, s' is the unique 
second secant parallel to and of the same length as s. But this is impossible, as s C -Br(k), 
s' C 5fl(a(k)) and S^(k) n Sji(a(k)) = 0. 

Finally, assume that ki = k and k2 = a(k) for some k e F. We may assume, 
without loss of generality, that the oriented unit tangent vector to F at k is (1, 0) and that 
the inward pointing unit normal vector to F at k is (0, 1). Then in the notation of Definition 
XVIII.3, 

t^ ^ k + (t, v;k(t)) 

is a parametrization of F near k and 

t\ — ^ a(k) - (t,¥'a(k)W) 
is a parametrization of F near a(k). Then 

(tl,t2) I ^ (k+ (ti,(^k(tl)),a(k) - (t2,¥'a(k)(^2))) 

is a parametrization of F x F near (ki,k2). With respect to these coordinates, the map 
(qi, q2) I — ^ qi + q2 - (k + a(k)) from F x F to IR^ is 

/ : (^1,^2) I — ^ {h - t2, ^]i{tl) - (fa{-k) (^2)) 
Since F is strongly asymmetric, there is 2 < n < no such that 
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We show that, if e is small enough, then, for any p = {pi,p2) £ IR^, the equation 



/>i,t2) = P (XX.2) 

has at most n solutions in (— e,e)^. Fix p and set g{t) = v?k(Pi + ^) ~ '/'a(k)(^) — P2- Then 
(ti, ^2) is a solution of (XX.2) if and only if (ti, ^2) = {pi + ^, t) with t a zero of g{t). Hence 
it suffices to prove that g{t) has at most n zeros. But, since '^^\o) — 7^ 0, the n*^ 

derivative g^'^\t) — ip^\pi -\-t) — f^aiL^^t) never vanishes for \pi \t\ < e, for e sufficiently 
small. Consequently g can have at most n zeros on this set. ■ 

Lemma XX. 8 Again, assume either that F is symmetric about a point or that F is strongly 
asymmetric. Let p E F, < ui < ^i02 and set 

M = {(ki, k2) e F X F I min[c/(ki, k2), c/(a(ki), k2)] > ui 

and min[(i(kj, p), (i(a(kj), p)] < a;2 for i = 1,2} 

Let €1,62 e {±1} and let f be the map from F x F to JR^ given by 

/(ki,k2) = eiki + e2k2 

There are constants that depend only on the geometry of F such that 

i) for all measurable subsets A ofJR^ 

vol {f~\A) n M) < »^ vol (A) 

ii) Vm,oji — <^onst 

Hi) Let n a unit normal vector to F at p. Then for all (ki, k2) G M 

sup |n • D/(ki, 'k.2)v\ < const UJ2 

II^7|I<1 

iv) Let < e < C(;i/4 and let T he an e-separated subset of F . Furthermore let R he a 
rectangle in having one pair of sides parallel to n of length A > and a second pair of 
sides perpendicular to n of length B > 0. Then 

#f-\R) n M n r2 < + eu;2){B + e) 
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Proof: 

i) For ki, k2 G F let ^(ki, k2) be the angle between the normal vectors to F at ki and at 
k2. Then the Jacobian determinant of / at (ki, k2) is 

I sin^(ki, k2)| > const min ((i(ki, k2), (i(ki, a(k2))) > constuji 

The claim follows from the rule for the change of variables in integrals and Lemma XX. 7. 

ii) is trivial. 

iii) For q G F, let ^^(q) be the angle between n and the normal vector to F at q. Then 

sup |n ■ D/(ki, k2)'iT| < 2max (| sin'i?(ki)|, | sin'i?(k2)|) 
lKll<i 

< const max (min (||p - ki||, ||p - a(ki)||),min (||p - k2||, ||p - a(k2)||)) 

const U}2 

iv) Let t be the tangent vector to F at p. Obviously 

sup If- D/(ki,k2)'i7| < 2 
iKii<i 

for all (ki, k2) G M. So by parts ii and iii of this Lemma and Lemma XX. 4 

nMnr^ < c^voi(/-^(i?')) 

where R' is a rectangle of side lengths A + const euj2 and B + 4e. By part i, 

vol(/-^(i2')) < ^^{A + const eoj2){B + Ae) 

■ 

Sectors that are Compatible with Conservation of Momentum 

Let < A < I, A > l^, let p e F, q e IR^ and let F be a discrete subset of F. We 
define for n > 2 

Mom2n-i(r,p) = {(ki,---,k2n-i) G F^""^ |3a;i e SA,[(ki), i = l,---,2n- 1 
such that xi-\ \- Xn - a^n+i a^2n-i e SA,i(p)} 

Mom^n-i (r, q) = {(ki, • • • , k2n-i) e r^"-' I 3 a;^ e SA,i(ki), z = 1, • • • , 2n - 1 
such that xi-\ h x„ - Xn+i — X2n-i = q} 
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Lemma XX. 9 Let p e F, q e IR^ and T an [-separated subset of F. 
i) If ^> A/l then 

#|(ki, k2, ks) e Momsfr.p) I uj < max min[(i(ky, kj^), ci(a(ky), kj^)] < 2uj\ < const f 
#{(ki, k2, ks) e Mom3 (r, q) | a; < max min[(i(k^, kj^), (i(a(k^), k,^)] < 2ci;} < const j 

a) If Al< CO <A/l then 
#{(ki,k2,k3) e Mom3(r,p) I co < max min[c?(k^, k,^), ci(a(kp), k^,)] < 2a;} < const 4 

minfdfk,,, k„l, dfafk,,), k„ll < 2ci;| < const ^ 



#{(ki, k2, ks) e Mom3 (r, q) I a; < max min[d(ku, k,^), d(a(k„), kj,)] < 2ci;} < const 4 

l<u^i/<3 



r/ie constants const above depend only on the geometry of F. 

Proof: If (ki,k2,k3) e Mom3{T,p) and maxi<^^,,<3 min[ci(k^, k^), ci(a(k^), k,,)] < 2a;, 
then by Proposition XX.6.ii, with n = 2, a; replaced by 2a; and k = kj or a(kj), z = 1, 2, 3 

min[(i(kj, p), (i(a(kj), p)] < 4constoa; for 1 < i < 3 (XX.3) 

where constQ is the constant of Proposition XX. 6. Therefore we set for 1 < 4 < 3 

S^^^ = {(ki,k2,k3) e Mom3(r,p) | a; < min[(i(k^, k^), rf(a(k^), k^)] < 2a; 

^max^ min[(i(kQ,, k^), (i(a(kQ,), k^)] < 2a; 

and min[(i(kj, p), (i(a(kj), p)] < 4constoa; for 1 < z < 3} 

The discussion above shows that 

{(ki,k2,k3) e Mom3(r,p) I uj < max min[(i(k„, k,,), d(a(k„), k^,)] < 2a;} C I J Snu 

(XX.4) 

Similarly, if (ki, k2, ks) G MomJ'(r, q) and min[(i(k^, kj.), (i(a(k^), kj^)] < 2a; for all 
1 < 4 ^ ^ 3, then by Proposition XX. 6. i, we have for z = 1, 2, 3 



(XX.5) 



(i(kj, p) < 4constoa; or ci(a(k^), p) < 4constoa; or 

(i( 2ki — a (ki), p) < 4 consto a; or (i(2a(ki) — k^, p) < 4 consto a; 

Setting for 1 < 4 ^ ^ 3 

«S~^ = {(ki,k2,k3) e Mom^ (r,q) | uj < min[d(k^, k^,), d(a(k^), k^,)] < 2a; 

^max^ min[(i(kQ,, k^), rf(o(kQ,), k^)] < 2a; 

and (XX.5) holds} 
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we get 



{(ki,k2,k3) e Momg (r,q) I uj < max min[d(k^, k,,), d(a(k^), k,,)] < 2a;} C I J S"^^ 

(XX.6) 

We show that for 1 < 7^ z/ < 3 one has j^S^^i,, jj^S'^^^, < const j in case (i), and 
that i^S^^ij, — const p- in case (ii). We only discuss the case — l^v — 2, the other 

cases are similar. 

Set S = Si^2 OT S — Si^2- By construction, if (ki, k2, ks) e 5, 

min[||ki - kail, ||ki - a(k3)||], min[||k2 - kgH, ||k2 - a(k3)||] < constuj (XX.7) 

and (XX. 3) respectively (XX. 5) hold for z = 3. Since the maps k 1— > k, k 1— > a(k), k 1— > 
2k — a(k) and k 1— > 2o(k) — k are embeddings of F, there are at most const j choices of 
ka e r for which (XX. 3) or (XX. 5) are satisfied. Fix such a ks. Let n be a unit normal 
vector to F at ka and t be a unit tangent vector to F at ks. If (ki, k2, ks) e 5, by (XX.7), 
the sectors SA,[(ki), i = 1,2,3 are each contained in a rectangle two of whose edges are 
parallel to t and have length at most const I , and two of whose edges are parallel to n and 
have length at most 

, , X ^ ( constlu) incase (i) 
const (A + luj) < < . . ;..s 

[ const A m case (n) 

The same holds for SAj(p) when <S = Si^2- In particular, if <S = 5i,2, the set 

{ xs + y \ xs e SA,[(k3) , y e sa,i(p) } 

is contained in a rectangle R whose one pair of edges is parallel to t and have length at most 
const I , and whose other pair of edges is parallel to n and has length at most const lu in case 
(i) and length at most const A in case (ii). If «S = <SJ^2) set 

{ ^3 + q I ^3 e SA,[(k3) } 

is contained in such a rectangle R. 
Let 

M(k3) = {(ki,k2) e I (ki,k2,k3) e S} 

By definition, if (ki, k2) G ^^(ks), there are Xi G SA,i(ki), X2 G SA,[(k2) such that X1+X2 G R. 
The shape of SA,[(ki), SA,i(k2) and R determined above implies that the map / : (ki, k2) ^ 
ki + k2 maps A4(k3) to a rectangle R' that contains R and has one pair of edges parallel 
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to t and of length at most const' I , and a second pair of edges parallel to ii and of length at 
most const' luj in case (i) and const' A in case (ii). Observe that 

M{ks) C {(ki, k2) e I a; < min[d(ki, ka), rf(a(ki), ka)] 

and min[(i(ki, ks), (i(a(ki), ks)] < constcv for i = 1,2} 
It follows from part iv) of Lemma XX. 8, with p = ks, A — const' ko or const' A, B — const' I, 
uji — io, i02 — const uu and e = [ that 

= const in case (i) 
const ^ [ = const^. in case (ii) 



#M(k3) < 



cJP" 

Together with the observation made above, that there are at most const j choices of ks G F 
for which there exist (ki,k2) G with (ki,k2,k3) e S, this completes the proof of the 
Lemma. ■ 

Proposition XX. 10 For all [separated subsets T of F and a// p G F, q e IR^ 

#Mom3(F, p) < -^(1 + A log A) 

#Mom3(r,q)< -f^(l + flog^) 
with a constant const that depends only on the geometry of F. 

Proof: We give the proof for Mom3(r, p), the proof for Mom^(r, q) is similar. Applying 
part (i) of Lemma XX. 9 successively to 

oj = A/l, 2A/[, 4A/[, const 

one sees that 

#{(ki, ka, k3) e Mom3(F, p) I max min[d(k^, k^), d(a(k^), k^)] > A/l} 

l</i^i/<3 

ln2 (const ■^) 

^ \ ^ j.oi A ^ , I A ^ const 

^ y ^ constZ -p- \ const -^p- \ — j — 

i=i 

Similarly, if 41 < j and one applies part (ii) of Lemma XX.9 successively to 

a; = 41, 81,161, . . . ^ 2^+^^°^^ 

one sees that 

#{(ki,k2,k3) e Mom3(F,p) I 4l< max min[d(k^, k,), d(a(k^), k,)] < A/l} 

l<^i^i/<3 

< con|iA (l + log2 A) 

Finally, it is obvious that 

#{(ki,k2,k3)eMom3(F,p)| max min[d(k^, k,), c/(a(k^), k,)] < 41} < ^ 

1 ^/J'^- 
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Proposition XX.ll Let n > 2, S > I and let /i, • • •,/2n-i intervals of length S in F. 
Assume that 

|a; = max min (dist (/j,/^), dist (/j, a(/j)) ) > max (5, 4l) 
Then for all {-separated subsets T of F, all p E F and all q e 

#Mom2n-l(r, p) n (/l X ■ ■ ■ X hn-l) < const (| + l)'""' (l + A) 

#Mom^„_l(r, q) n (/i X • • • X /2n_i) < constn^ (I + 1)'""' (1 + A) 
wt/i a constant const that depends only on the geometry of F. 

Proof: The proof is similar to the proof of Proposition XX. 10. Set 



■ I for 1 < i < n 
— 1 for n + 1 < i <2n — 1 



2n-l 

Choose a point k e /i . Then for aU x e [J /j 

d{x, k) < a; or d{x, a(k)) < uj 
Choose I < io < jo < 2n — 1 such that 

min (dist {li^ , Ij^ ) , dist {li^ , a{Ij^ ))) = |a; 
Since F is (-separated and each Ij is of length 5, 

2n-l / X 2n-3 

# n rni, < (f + ij (XX.8) 

Fix kj e F n li for z = 1, • • • , 2n — 1, i ^ io,jo ■ Let n be a unit normal vector to F at k and 
t be a unit tangent vector to F at k. 
By Proposition XX. 5 

2n-l 

-{ Z) ^i^i - q I iCi e SA,[(ki) } 

is contained in a rectangle having one pair of edges parallel to t and of length at most 
const n I and a second pair of edges parallel to ri and of length at most const n[A + luj~\. As 
each SAj(kj) is contained in a rectangle having one pair of edges parallel to t and of length 
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at most const [ and a second pair of edges parallel to n and of length at most const [A + [a;] , 
the map / : (kj^jk^J i-^ ej^kjo + ej^kj^ maps the set 

M~ = {(ki,,kjj er2n(/,o x/,J|3x, GsA,,(ki), i = l,---,2n-l 

such that Xi -\ \- Xn - Xn+l X2n-1 = Q} 

to a rectangle R' having one pair of edges parallel to t and of length at most B = n const' I , 
and a second pair of edges parallel to n and of length at most 

A = const' n[A + lu>] 

By part iv of Lemma XX.8, with p replaced by k, ui — ^lj, u32 = oj and e = I 

< £^(nA + nla;)(nO < const r?{l + ^) 

This, together with (XX.8), proves 

i^Mom^^_,{T, q) n (Ii X • • • X hn-i) < const (f + 1)'""' n2(l + A) 

By Proposition XX.6.ii 

||p — k|| < const no; or \\p — a{k)\\ < const nco 

Therefore sa,[(p) is contained in a rectangle, two of whose edges are parallel to t and have 
length at most const I and two of whose edges are parallel to n and have length at most 

const (A + I ||p — k||) < const (A + n lu) 

This, and Proposition XX. 5 imply that 

2n-l 

-{ E ^i^i - y \ SA,i(ki) , y e sa,i{p) } 

i = l 

is contained in a rectangle R having one pair of edges parallel to t and of length at most 
const 71 I and a second other pair of edges parallel to ii and of length at most 

const [nA + nlio + nlio ] < constn[A + Ico] 

As above, this implies that 

#Mom2n-l(r, p) n (/i X • • • X hn-l) < const (f + l)'""' {l + ^) 
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XXI. Sectors Compatible with Conservation of Momentum 



Comparison of the 1— norm and the 3— norm for Four— legged Kernels 

Lemma XXI. 1 There is a constant const independent of M such that the following holds. 
Let be a sectorization of length I at scale j with j^j-i < i < m'.J-'^)/'^ ■ Furthermore let 
(fi e ^o(4; S) and f e ^i(3; S) be particle number conserving functions. Then 

Mi,E < + TM^ log wm^Ms,,: 

l/ll,E< ^(1 + TMI-Tl0g^^)|/|3;^ 



Proof: By Definition XII.9 of [FKToS] and Remark XX.2.i 

I'/'li.E = max^ max ^ ^i), ■■■,(■, S4)) 

- '1 SiSE for 

si,S2jS3,S4 compatible with 
conservation of momentum 

Let 1 < u < 4 and Si^ e E. Choose i2,«3,«4 such that {1,2,3,4} = {ii, ^2, ^3, ^4} ■ By 
Remark XX.2.ii and Proposition XX.IO, with A = j^^, there are at most £21^(1 _|_ 
log ^2^j ) triples {si^-, Si^, Si^) such that (si, S2, S3, S4) is compatible with conservation 
of momentum. Consequently 

< ^ (1 + tSi log T^) max ||^(( .1), ...,(• , .4)) ||,,^ 



3: 

s 

for i^ij^,i2,i3 



< ^ (1 + TM^ log T^) ,,,^^^.3,. E • ' ^1)' •••'(•' ^4)) Ike 

= ^(l + TMl-rlogp^) 
The argument for \f\i-^ is analogous. 



Proof of Proposition XIX. 1: Under the hypotheses of this Proposition, the term 
ifjj-i log pj^j-i is bounded by an M-indcpcndent constant and the first inequality, 
E < constj \lp\^ ^ , follows. If / G J^4;E and i E {0, l}"*, then e ~ ^ unless m{i) < 1. 

Therefore the second inequality, < constj \f\^ , also follows from Lemma XXLl. ■ 

Auxiliary Norms 

Let E be a sectorization of scale j and length [ > j^j-i ■ For ca; > we define 
aiixiliary norms on functions (fi in J-'o{n; E) and / G J-'i{n; E) that are antisymmetric in their 
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s) arguments by 



s 2 ' ■ ■ ■ > ^ € ^ 
dist(s^ ,s^)>uj and 

dist(sj^ ,a{s£))'>u) 
for some 2<.k^i<-n 

5e]NoXlN2 ''^ si,-..,s„es with 5(d)=5 

^ dist(s^,S£)>aj and 

dist(sfc ,a(s^))>a; 
for some 1 <k^iKn 

The norm ||| ■ |||i,oo of Example II. 6 refers to the variables Furthermore, maxima, 

like maXs^gE, that act on a formal power series ast^ are to be applied separately to each 
coefficient as- 

Lemma XXI. 2 Let u > max|[, j^(j-r)/2 }? n>3 and let 99 G J-'o{n; E) and f G J-'i{n; E) be 
particle number conserving functions that are antisymmetric in their (^, s) arguments. Then 



2 

l/ll,E ^ l/ll,S,a; + const ^ IfU,!: 



Proof: By definition of ^ and the antisymmetry of ip 

l^li,E < kli,s,a. + max E 111 00 

^2 ' ■ ■ ■ '"n SS 
dist(s^ ,s^)<u; or 
dist(s^ ,a(s^))<uj 
for all 2<fe^£<ra 

Fix si G S. If S2, ■ ■ ■ , s„ G S are such that for all 2 < 7^ £ < n one has dist(sfc, si) < lv or 
dist(sfc, a{si)) < u) and such that si, • • • , are compatible with conservation of momentum 
for some choice of annihilation/creation indices (61, • • • , hn), then, by Proposition XX.6.ii with 
A = , p the center of si and k the center of S2, 

dist(si,Sfe) < constnuj or dist(si, a(sfc)) < constnu 

for 2 < /c < n. Set 

Sect = {(s2, S3) G I dist(si, S2) < constno; or dist{sij a{s 2)) < const n to 

and dist(s2,S3) < constUJ or dist(s2, 0(53)) < constUJ^ 

I I ^ 

Clearly | Sect | < const n ^ . Consequently 

E ||^(( 1), •••,(•.„)) 11,,^ < E E ||^((-, .!),•••, (-.0)11,,^ 

S2,- ■,s„eS S2,S3eSect S4,---;Sn€S 

dist (s^,S£)<(jj or 
dist(s^ ,a(s£))<cjj 
for all 2<k^e<n 

^ const Tl ^ l^^ls X) 
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Similarly, 



l/li~ E < l/ll,E,c. + E ^if E Bdd^o!^.ato. ll|D/('^^(«l'«l)'-'(^"'-"))|lll,00 

JelSToXlN^ si,---,s„es with 5{D)=s 

dist (s ^ , ) < Ci; or 
dist (s^ ,a(s^))<uj 
for all l<fc7i£<n 

Fix fj — {po^p^a^b) E B. If si, • ■ ■ , G S are such that for all 1 < k ^ £ < n one 
has dist(sfc, sg) < a; or dist(sfc, < a; and such that the configuration (17; si, ■ ■ ■ , Sn) is 

compatible with conservation of momentum, then, by Proposition XX. 6. i with A = j^rr and 
k the center of si, there is an integer r with |r| < n such that 

||p-rk+ (r- l)a(k)|| < constnuj (XXI.l) 

The maps F — ^ H^, k ^ rk - (r - l)a(k) are embeddings. Therefore there are at most 
constnuj/i sectors si containing a k such that (XXI.l) holds. Set 

Sect = {(si,S2) e I si contains a point k for which (XXI.l) holds with some \r\ < n 

and dist(si,S2) < constu or dist(si, a(s2)) < constuj^ 

Again | Sect | < const n ^ . Consequently 

E S ^Ddd"^^""* |||D/(^;(6,«l),-,(^n,«n))|||i^ 

f ^ - 2 D dd — operator J- 1*-^ 

31,.-.,SnGS d€iNoXJJNQ ^ith 5CD)=5 
dist(s^ ,3^) <u; or 

for all l<A:^£<Ti. 

^ ^ 5: E ^ir,,max_J||D/(,;(,..o,-^^^^^^^^^ 

si,S2eSect s3,---,s„eE 5e]NoXlNg with 5(D)=5 



^ const Tl^ ^ I/I 



3,E 



Change of Sectorization 

To prepare for the proof of Proposition XIX. 4, we note 

Lemma XXI.3 Let j > i > 2, j^^^ < i < mU-^)/^ u^m < ^' < mU^ttt^- Let S 
and E' be sectorizations of length I at scale j and length I' at scale i, respectively. Suppose 
that I < Let (p G J-'m{n; E') and f e ^m{n; E') be particle number conserving. 

i) For si, • • • , Sn e E 

\\VT.{vi,---,Vm;(^l,8l),---,($n,Sn))\\^ ^ < const" Cj-1 E ||'/'('7l,---,»?m; (^l,si)/".(^".«^))||l 
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and for fji, - ■ ■ , fjm £ B and si, • • • , e E 

^ D dd — operator m -L,U^J 
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< const" Cj_i E if ,,"^ax |||D/ (r)i,--,r?^;(ei,s'i),---,(€n,0)||L t 

^ - 2 Ddd — operator iiiJ-,UO 

1 



ii) If f is antisymmetric in its (^,s) arguments 
\fT,\pj:<const^Cj-i\f\ j^, sup max #Cons(i7i,-- 

p — m+1 

w;/iere Cons(77i,---»7r«; si,---,sp_^ ; s;_^^i,---,s;) denotes the set of all (sp-m+i, ■ ■ ■ , Sn) e 

stic/i t/iai Si n 7^ for i = p — m + 1, ■ • • , n and the configuration {f/i, - • • , fjm', si, ■ ■ ■ , Sn) is 

consistent with conservation of momentum in the sense of Definition XX. 1. 

Hi) If m = 0, u! > I' and (p is antisymmetric, then 

distfs' ,s')>cj-2l' and 
dist(sj_,a(sp)>a;-2al' 
for some 2<k^£<rh 

Here, a is the supremum of the derivative of the antipodal map a on the Fermi curve F. If 
m= 1, CO >l' and f is antisymmetric in its {^,s) arguments, then 

E u. < const"" Cj-i l/li J., sup max #Cons(r7; s[,---, s'J 

dist(s^,s^)>a>-2(' and 
dist(s^,a(sp)>a>-2al' 
for some l</e7^£<Tl 



Proof: i) 

V's('7i/--,'7m; (?i,si),---,(€n,s„)) = 2. / dC'i---dC'„^{m,---,Vm.;(i[,s[),---,i^'^,s'J Yl Xsei^i-iCl) 



Hence, by Lemma 11.7 of [FKTol] and Lemma XIL3 of [FKTo3], 

\\VT.im,---,Vm.;{il,Sl),--,(^n,Sn))\\-^ ^ < const" C"_l ^ \\v^{vi,---,Vm;i^l,8[),---,{^n,s'j)\\-^ ^ 
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The proof of the second inequahty is similar. 



ii) By part (i) and Remark XX. 2. i 



max |||D/5](77i,...,,7^;( . • ,s«))||L C 

Ddd — operator iiiJ.,UU ^- 



Dpcrator 
with S(D) = 6 



< const"' Cj-i sup 



max 



D dd — operator m j.,^^ 

with 5(D)=5 



<5! 



= const^ Cj-i sup 

— m+1, ■ • ■ ,n 

1=1 , • ■ • ,p — 7n ^ II) 

odd^o^Ltor ll|D/(^i,-,'7.;( • ,^;),-,( • ft 

with 5(D)=5 

< const^ Cj-i sup #Cons(?7i,---,?7^; si,---,Sp_^ ; Sp_^_,_i,---,s^) 

i=l , •■ • ,p — m 

Odd^o^rator |||D/(^l,-,^.;( • ,^;),-,( • ft 
with 5(D)=5 



< const"' Cj_i I /I J., sup max #Cons(?7i,-- 

GS' 



m I 



p — m+1' ' 

since, for i = 1, • • • ,p — m, there are at most three sectors s\ e E' with n s j 7^ 0. 

iii) If Sfe, e S with dist(sfc, sg) > uj, dist(sfc, > uj and s^, e E' with s/- fl 7^ 0, 

S£ n 5;^ 7^ then dist(s';,, s'^) > u — 21' and dist(s)r,, a(s^)) > a; — 2al'. Using this observation, 
the proof of (iii) is analogous to the proof of (ii). ■ 

Lemma XXI.4 Let j > i > 2, ttj^ < I < mu-i)/2 and jt^jj^ < i' < Mii-^)/^ ^^^^ 



{ < 7 [' . Let E and E' he sectorizations of length i at scale j and length i' at scale i, respectively. 



i) There is a constant const independent of M such that for every s' e E' 

#{s e E I s n s' 7^ } < const -r 

ii) Let m >0, p > m, n > p-m + 1, fji, - ■ ■ ,firn ^ B, Si, - ■ ■ , Sp-m e E and Sp_^+i, • • • , s'^ e 
E'. Then 

^UOnS(^ 171, •••,17^; Si, •••,Sp_^ ; Sp_^_,_i, S const (^jj 
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in) Let u' > 41', and let si e E and 82,- --js'^^ e S' such that dist(s^,s^) > u' and 
dist(s^, a{s'^)) > oj' for some 2 < k ^ £ < n. Then 

#Cons(si; 4: •••.4) < con^t"(()''~^(l + mj}^^, ) 

iv) Let uj' > Al' , fj = {qo,q,(J,a) e B and e S' such that dist(s'^, s^) > co' and 

dist(s^, o(s^)) > uj' for some 1 < k ^ £ < n. Then 

#Cons(?7; s[,---,s'J < con.t"(()""^ (l + m.-'hu-O 

Proof: i) is trivial 

ii) By part (i), there are at most const" (j)"''"'^ ^ ^ (n+m— p — l)-tuples (sp-r^i+i, ■ ■ ■ , 

of sectors in E such that s^ris^ 7^ 0fori = p — m + l,---,n — 1. Given such an {n + m — p — 1)- 
tuple (sp_^_|_i, ■ ■ ■ , Sn-i) and a particle number preserving sequence (ai, • • • , a„) of creation- 
annihilation indices, the set 

{ -(-!)«" (fj^ + ... + fj^ + (-l)«iki + • • • + (-l)""-ik^_i) I k, e Si for z = 1, • • • , n - 1 } 

has diameter at most const (n — l) I and therefore meets at most const (n — l) extended sectors 
of S. This shows that there are at most const'^ sectors e S such that (si,---,Sn) is 
consistent with conservation of momentum. 

iii) Let (ai, • • • , a^) be a particle number preserving sequence of creation-annihilation indices. 
For i = 1, ■ ■ ■ , n — 1 let li = { k G F | dist(k, < I }■ We apply the first inequality of 
Proposition XX. 11 with 6 = I' + 2i, A = ^gjlr, T the set of centers of the intervals sHF, s e S 
and p the center of si fl F. It follows that 

#Cons(si; s^r'-^s'J < const" (()''"^(l + ^j^^^, ) 

iv) is similar to (iii), using the second inequality of Proposition XX. 11 instead. ■ 

Proof of Proposition XIX. 4: i) As m 7^ 0, by Lemma XXLS.i and Lemma XXL4.i 

["^^llS^ 5^ ||<^E('?l,---,'?m; (6,Sl),---,($n,S«))||l,00 

< COnst^ Cj-l ^2 ||<^(»?l/--,'?m; (6,si),---,(^n,S^))||l^Q^ 

SI , ■ ■ ■ ,Sti GS 

< const^ Cj-i (j) Yl \\v{vi,---,Vm;{^i,s[),---,{^n,s'j)\\^ ^ 
= const" Cj-i (j) |<yf|i^s' 
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ii) By Lemma XXI. 3. ii and Lemma XXL4.ii 

\hl^ < const- C,_, (0^+^-^- (XXL2) 

Now assume that [ > j^2/3(j-i) ; ^' ^ Jq ^^id n > 3. Observe that |/e|^ 5. vanishes for m > 2, 
so it suffices to consider m = 0, 1. Set uj = aVl- By Lemma XXL2 



l3,E 



|/^ll,E ^ |/^ll,E,a; + const ^ 

By (XXL2), 

n'^ JI- \h\^ j^ < const'' Cj-i (j)"'^'^ ^l^l/ls.E' ^ const" Cj-l (j)""^"" T l/l3,E' 

-const It; fI/Is.e' 

If m = 0, by Lemma XXI.3.iii and Lemma XXI.4.iii, with oj' = oj — 2al' , 

l-^^ll,E,a. - const'' Cj_i (i^)''^"' ^ (l + MJ-H(l-2al'))\f\l,i:' 
< const"- Cj-i (^)''"^'" ^l/ll,E' 

since M^-^l{uj - 2al') > M^-^i{ayA- fVl) = faMJ-H^/^ > |a. Similarly one sees, using 
Lemma XXI. 4. iv, that also in the case m = 1 

l-^^ll,E,a. - const"- Cj_i (^j)''^"' ^l/ll,E' 



iii) Write 



/E'(»7l>---,»?m; (^l,s'l),---,(^n,S^)) — X] ^(^l.---,1?m; (^l,si)'"-,($n,S^);Sl, •••,««) 

eE 



with 



f " . / 

5'('7i.---,'?m; (Ci,si)/-->(?™,Sn);si>---,sn) = / •• 'd?^ / ('yi T'- ,j?m ; , Si ),•••, (C )) n Xs;(C^:C^) 



Then 



„ l<ii<- ■<i 

*1 ^p — m 



max |||D/E(r?i,--,77m;(a,s'i)>---,(4".0)||L ^ 

JJ da — operator iii±,u<j ^• 



) dd — operator 
with 5(D)=<5 

I- mT2 l^*l< ' <^p-m<"- s<eE' for si,---,s„eE 

deJlMoXJNQ ^/ , J,, » for l<i<rt 



max |||D5r(r?i,...,j?^;(6,s'i),---,(^r.,s:,);si,---,Sn)||L S 

D dd — operator iiiJ-,00 ^• 



) dd — operato: 
with 5{p)=5 
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For each fixed r/i , • • • , f/^, s^, • • • , s'„, si, • • • , Sn, 

X) TT ^max |||D5r(f?i,---,i7^;(6,s'i),---,(€n,s;);si,---,s„)||| 

c- ^ -r D dd — operator -l,"-^ 

^elNoXlNg ^ith 5(D) = 5 

n 

as in Lemma II.7 of [FKTol]. Hence, by Lemma XILS of [FKTo3] and Example A.3 of 
[FKTol], 

S TT ^max \\\Bg{iji,---,f,ruaiiA),---,iin,s'J-,si,---,Sr,)\\\ 

r- -wnvT -^to D dd— operator iiix,U(j 

n 

< E ii^.pa^ |||D/(mr-^'7m;(^i,si)/--,(C.S"))||L t'^TT const Cj-i 

^ D dd — operator J. A 

<56lNoXlN^ with S(u)=s 7 = 1 

c- -nw-r -m-ro 1^ dd — operate 
JelNoXlNg with 5(D)=5 

uniformly in s'^, s^, si, Sn, r/i, ••• , r/m- So 



i=l 

.<5 



< const'' Cj-i ^ ^ max |||D/(,7i,---,ry^;(^i,si),---,(C,s„))||L t 

fj D dd — operator iiiJ.,uo 



i/e'Ip,e' < J2 J2 

JeiNoxiNg \,,, ^ fo 



il ' ''i ij/, i Sins^#0 for l<i<7i 

r..!^^ |||D/('7l,-,'7r™;(Ci,Sl),-,(5;,Sn))||L JT 

D dd— operator m x,cxj u. 

with 5(D)=5 



< const"' Ci-i ^ sup ^ 

'71,---,'7m6B fo'' '-'1>---V-"1 for <7^n,*--ip_m 



max |||D/(r?i,---,r?^;($;,si),---,(C = S"))||L 

i — operator m x , 

h 5(D)=5 



< const^ Ci-i sup y J 

»71 ■■■•.»7m,eB tor i=il.---ip-m 



max |||D/(r)i,-,rJ^;(^;,si),-,($;,s„))||| ^ 

i— operator m x,U(j 



D dd— operator 
with 5(D)=5 



since the set { G 7^ zi, • • -ip-m \ SiD s[ $ for i ^ ii,- ■ -ip-m } contains at most 3^ 
terms. Finally, applying 

sup ^ /i(si,---,Sj^_^) < (const^)^ sup h{si, ■ ■ ■ , Si^_^) 

for »=<!,■ --ip-rTj 



35 



yields 



\h'\p,j:' < const'' {{y d-i X] . 



l<il<---<ip — .m<r 



< cons^ (j)^ Ci-i l/lp J. 



-operator 
with 5(D)=5 
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XXII. Sector Counting for Particle— Particle Ladders 



In this Section we prove that, when the Fermi surface F is strongly asymmetric in 
the sense of Definition XVIII. 3, particle-particle ladders obey bounds that are stronger than 
those given by standard power counting (see Appendix D). These bounds are based on the 
following sector counting result. 

Proposition XXII. 1 Assume that the Fermi surface F is strongly asymmetric. There is 
a constant const independent of M such that for all sectorizations of scale j > 2 and length 

I/tiq 

tt{ (si,S2) e S X E I (Si + S2) n (s'l + S2) 7^ } < const 

H (si, S2) e s X s I (si + S2) n {h + s[)y^$} < const ^ 

tt{ ("^1' "^2) £ S X E I /Ci + A;2 e Si + S2 } < const 

This proof of this Proposition, which is given after Lemma XXII. 5, is based on the following 
four lemmata. 

Lemma XXII.2 Assume that F is strongly asymmetric. There exists a constant const such 
that for all s > and all disks D in IR^ of radius e 

length { k e F I k + a(k) eD } < const £^/("°-^^ 

where uq is the constant of Definition XVIII. 3 and a(k) is the antipode o/k. 

Proof: Since F is compact, it suffices to show that each point p E F has a neighbourhood 
U in F for which there exists 1 < n < no — 1 and a constant const such that, for all £ > and 
all disks D in of radius £, 

length { k e t/ I k + a(k) eD} < conste^l"^ 

Fix p G -F. Without loss of generality, we may assume that the oriented unit tangent vector to 
-F at p is (1, 0) and that the unit inward pointing normal vector to F at p is (0, 1). Let (/^(t) = 
(/9p(t), (p{t) = fa{p){t), where (fp is the parameterizing map of Definition XVIII.3. Precisely, 
t k{t) = p + (t, </7(t)) is a parameterization of F near p and t >—>■ k(t) = a(p) — {t, (pit)) is 
a parameterization of F near a(p). 
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By strict convexity, the slopes (fi{t) and (p{t) for the Fermi curve at k(t) and k(t), 
respectively, are strictly increasing with t. Hence there is a strictly increasing function t{t) 
such that 

and hence 

k{m) = <m) 

so that 

k{t) + a{k{t)) = p + a(p) +{t- t{t). V{t) - <p{i{t))) 

Since does not vanish, t{t) is C'^°~^. 

By construction, ip{0) = (/?(0) = (^(0) = 99(0) = 0. Since F is strongly asymmetric, 
there is a minimal 1 < n < no - 1 such that (^("+i)(0) ^ (/j^'^+i) (0). We may assume, without 
loss of generality, that 

|<^(-+i)(0)| < |^("+i)(0)| (XXII.l) 

Denote by S and S the degrees of the zeroes of (p{t) and respectively, at t = 0. By 

convexity, S and S are odd. By (XXII.l) and the minimality of n, S <S and 6 < n. 

We consider the cases d = S and S < S separately. First, suppose that 1 < S = S < n. 
Apply the elementary Lemma XXII. 3. a, below, to and (p. This gives the representations 

with 

i^{0),V{0)^0, i/«(0) = f/«(0) for 0<z<n-5, (0) P^"-^) (0) 

The 5*^ roots V'l^) = {'Pi't))^^^ ^nd = ((^(t))^^"^ both have zeroes of order precisely one 
at and obey 

^(0) = V5(0) = 0, •0(0), 1^(0) ^ 0, tl;^'\0) ^ ij^'\0) iov 1 < i < n - 6, 
Since i{t) obeys 

we conclude that i{t) is C'"--'5+i and obeys 
r 1 if z = 1 ^ 
(bj^O ifz = n- 5+ lJ 
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and i(0) = b^lif6 = n 



Consequently, there is a neighbourhood U' of and a 6 > such that for all t & U' 



"^{t-i{t)) >b (XXIL2) 

Now suppose that 5 < 5. Again denoting 'ip{t) = {<p{t)) and jp{t) = {<p{t)) , we 
have that 'ip{t) and ^^{t) are both (for i near zero, const t^^^ and 5/5 > 1) and obey 

^(0)=-i/;(0) V'(O) > V;(0) = 

As ip(t{t)) = ip^t) and hence 

m = 

there is a 6 > and a neighbourhood U' of such that for all t E U' \ {0} 

i{t)>l + b =^ ^ (t - t{t)) > b (XXII.3) 

Set U = { p + (t, (p{t)) \ t E U' } . 11 D is a disk of radius £, then its projection to 
the X-axis is an interval of length 2e and 

length { k e t/ I k + a(k) E D} < const length { t E U' \ xq + t - t{t) E J } 

where xq is the a;-component of p + a(p). Therefore, by (XXIL2) and (XXII.3), this Lemma 
follows from Lemma XXII. 4 below. ■ 

Lemma XXII.3 Let U be a neighbourhood ofO. 

a) Let f E C^iU) have a zero of order at least 5 < n at 0. Then there exists a function 
g E C-^U) n C^(C/ \ {0}) such that 

fit) = t'g{t) 

and 

lim t^g^''-^+^^ (t) = for all 1 < j < 5 



d 



b) Let f E C{U) r\C^{U \ {0}). // liin/'(t) and liin/'(t) both exist and are equal, then 
fEC\U). 



t— >0 ^ ' t— >0 
t>0 t<0 



Lemma XXII.4 Let b be a strictly positive real number and n be a strictly positive integer. 
Let I gJR be an interval (not necessarily compact) and f a function on I obeying 

\f^'"Hx)\>b for all a; e J 

Then for all e > and all intervals J of length 2e, 

length! xeX\ fix) Ej}< 2-+i(f)'/" 
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Proof: Set a. = (|) " and g{x) = f{x) —yo, where yo is the midpoint of J. We must show 

\9^''Hx)\>^ for all a; eX =^ \ength{ x E I \ \g{x)\ < e } < 2''+^a 

Define Cn inductively by ci = 2 and Cn = 2 + 2cn-i- Because dn — 2~'^Cn obeys di = 1 and 
dn = 2~'^~^^ + dn-i we have dn<2 and hence c„ < 2"^^^. We shall prove 

\g^^\x)\ > for all x e X =^ lengthj a; G X | < £ } < Cn ck 

by induction on n. 

Suppose that n — 1 and let x and y be any two points in | a; G X | \g{x)\ < £ }. 

Then 

for some C El. As |5''(C)| > ^ we have |a; — j/| < 2a. Thus { a; G X | |^(a;)| < £ } is contained 
in an interval of length at most 2a as desired. 

Now suppose that \g^'^\x)\ > ^ on X and that the induction hypothesis is satisfied 
for n — 1. As in the last paragraph, the set { a; G X | \g^'^~^\x)\ < } is contained in 

a subinterval Xq of X of length at most 2a. Then X \ Xq is the union of at most two other 
intervals X+,X_ on which \g^'^~^\x)\ > ^^_t . By the inductive hypothesis 

lengthj a; G X I |5f(a;)| < £ } < length(Xo) + ^ lengthj a; G Xj | |5f(a;)| < £ } 

i=± 

<2a -\- 2cn-i(x — 



Proposition XXII.5 Assume that F is strongly asymmetric. Let F be an e-separated set in 
F and R a square of side length 8e in . Then 



#{ (7l> 72) e r X F I 71 + 72 G -R } < const 



with const depending only on the geometry of F. Here uq is the constant of Definition XVIII. 3. 

Proof: Let uji = e "o and 

^1 = { (717 72) e F X F I 71 + 72 G -R, min {<i(7i, 72), d{a{'yi), 72) } > c^i } 
-^^2 { (71, 72) e r X F I 71 + 72 G i?, (i(7i, 72) < c^i } 
^3 = { (71, 72) e r X F I 71 + 72 G i?, d(a(7i), 72) < u;i } 
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By Lemma XX.8, part iv, with an arbitrary point p and ui^ large enough, 

#V ^ const , £-'-/"0 

Ai S — const 

Next observe that, for any given 71 e F, the length of{7i+k|keF}ni?is bounded by 
const SO that 

#{72er|7i + 72ei?}< const (xxii.4) 

If, for some 71 G F, there exists 72 e F such that (71, 72) G X2, then 271 = 71 +72 + (71 —72) 
lies in the disk D of radius + uji centered at the center of R. Since 

length {keF|2kei:)}< const UJi 

there are at most const ^ choices of 71 G F with 271 e D. By (XXn.4) this implies that 

^ const ^ = const £ ^^^^ < const ^—^ — 



since hq > 2. If, for some 71 G F, there exists 72 G F such that (71,72) G X3, then 
71 + a(7i) G D. By Lemma XXII.2 



length { k G F I k + a(k) G i:> } < const LO-t 

Consequently 



1 



^ const — — const ^— — 



Proof of Proposition XXII.l: For each sector s G Sj let 7^ be the center of sflF. Then 
F = {7s I s G Sj} is a |lj separated set. Clearly s[ + s'2 is contained in the disk of radius 
const' Ij around 7^'^ +7*2 • Therefore (§1 + 82) H (s^ + S2) 7^ only if 7^^ +7s2 is contained in the 
disk of radius 2const' Ij around 7^'^ + 7^^ . So the first part of the Proposition follows directly 
from Proposition XXII. 5, applied ( ^"^"^^^ x |)^ times. The other two parts are similar. ■ 

Definition XXII.6 

i) The creation/annihilation index of 2; G i3 U (i3 x E) is 

u( \ — f b if z = {k,a,b) e B 

\ b if 2 = {x, a,b,s)eBxJ: 

ii) Let / G J-'^-'e. We say that / is of particle-particle type if 

f{zi,z2,z3,z4) = unless 6(2:1) = 6(2:2) = 0, 6(2:3) = 6(2:2) = 1 
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Lemma XXII. 7 Let f e J%4;e be of particle-particle type. Then, 

\f\ch,i: ^ const —^l/lg 5. 

with the channel norm \ ■ of Definition D.l of [FKToS]. 

Proof: It suffices to consider f & J-r{4: — r, S) witli r < 2. As in tlie proof of Lemma D.2 
of [FKToS], set 

F{fjl,---,fj.r;Sl,---,S4-r) = J2 JJ mOX IIID/ (r7l,---,77r.;(6,Sl),---,(^4—r,S4-r))||L ^ 

- __o D dd— operator 

5eINoXlN2 with 5(D)=5 

Tlien, by Proposition XXII. 1, 

l/lc/i,E ~ ^^P F(i7i,---,i7^;si,---,S4-r) 

SI ,- -,S2_r€S 

< const — J — sup ^ i^(?7i,---,j?^;si,---,S4-r-) 

si,---,S3_^6S 

^ const — J — sup i*^(r7i,---,?7r;si,---,S4-r-) = const — j — I/I3 S 

l<il< - <i3_^<4-r s^6S for ' 



Theorem XXII. 8 Let H be a sectorization of scale j > 2 and length ^^^3/2 ^ f ^ jv^(j-i)/2 • 
Let (^',s')) £ -^0(2; S) 6e antisymmetric, spin independent, particle num- 

ber conserving functions whose Fourier transforms obey \v{k)\ < \\ikQ — e{k)\. Fur- 

thermore, let X G 9^3 and assume that \u\^ < and M^Xq < min{ri, T2}, where ti and 
T2 are the constants of Proposition XIII. 5 and Lemma XIII. 6 of [FKToS], respectively. Set 
r(k) - ^"Hfc) , r)(k) - 

^y'^) ~ iko-e{U)-u{k) ' ^y'^) ~ iko-eik)-v{k) 

and let C{^,^'), D{^,^') be the Fourier transforms of C{k), D{k) as in Definition IX. 3 of 
[FKTo2j. Furthermore, let f e .F4;e be of particle-particle type. If the Fermi curve F is 
strongly asymmetric in the sense of Definition XVIII. 3, then for all £ > 1 



\Li{f;C,D)\;^^ < (const l^^"" e,(X))' |/|3~'^+' 



where tj{X) 



l-MiX 



Proof: By Proposition D.7, with X replaced by M^X, and Lemma XXII. 7 



\L^{f-C,D)\l^ < (const ^^fe)' l/le^E I/I3,. 



< (const e,(X))^|/|3^ 



£+1 
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Appendix E: Sectors for kQ Independent Functions 



In [FKTfl-f3] we shall implement a renormalization algorithm that uses countert- 
erms for the dispersion relation e(k) that are independent of ko. In this appendix we adjust 
the discussion of sectorized norms in §XII and the discussion of resectorization, following 
Definition XIX. 2, to deal with such functions. 

Definition E.l Let /(x, x') be a translation invariant function on IR^ x JR^ we define its 
extension /ext(C,'^') by 

r/(x,x') ifa = l, a' = 
fext{{xo,x,a,a),{x'Q,x.',a',a)) = da,a'S{xo - x'o) < -/(x',x) if a = 0, a' = 1 

1 otherwise 

and its Fourier transform as 

/(k) = J d^x e-<^''''+^^''^^ f{yi,0) 

Remark E.2 If /ext(^) is the Fourier transform of /ext as in Definition IX.l.i of [FKTo2], 
then 

/ext((fco,k)) =/(k) 

Definition E.3 Let E be a scctorization at scale j and i^((x, s), (x', s')) a translation in- 
variant function on (IR^ x S)^. 

i) We define its extension Kext((^, s), (^', s')) on {B x S)^ by 

( iC((x,s),(x',s')) if a = 1, a' = 
Ke^t{{xo,^,(T,a,s),{x'Q,x.',a',a',s')) = 5a,a'S{xo- x'q) < -K((x',s'),(x,s)) ifa = 0, a' = 1 

^ otherwise 

ii) The function ((x, s), (x', s')) is said to be sectorized if its Fourier transform 

j e-*(^i"i+'^^"^)e<'''i"'i+''^"i)i^((x,s),(x',s')) 

vanishes unless (0, k) G § and (0, k') e s' where s and s' are the extensions of s and s' of 
Definition XII. l.n of [FKTo3]. 
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iii) We define -^(k) by 

K{k) = J2 / ((x, s), (0, s')) 



iv) We set 



|i^||l,E = |i^ext|i 



Remark E.4 

i) If i^ext(^) is the Fourier transform of Kext as in Definition XII. 4. iv, then 

^ext((A;o,k)) = K(k) 

ii) If K is sectorized, then -fC ((x, s), (x', s')) and Kext {{xo, x, u, a, s), {xq, x', ct', a', s')) vanish 
unless sHs' ^ $. 

iii) Suppose that K is sectorized and write ||i^||i,E = S^eiNxisr^ ir^<5^'^- Then ks vanishes 
unless do — and otherwise is given by 

Ko,* = max I max ^ /d^x |x* K((x, s), (0, s')) | , max ^ /d^x |x* K((x, s), (0, s')) 1 1 
and obeys 

max / d^x |x* K((x, s), (0, s')) | < ko,s < 3 max / d^x |x* K((x, s), (0, s')) \ 

Lemma E.5 Let be a sectorization of scale j > 2 and length j^^^j-^/z ^ ^ ^ jy^(j-i)/2 ^'^^ 
-ftr((x, s), (x', s')) be a sectorized, translation invariant function on (IR^ x S)^. Let //(t) 6e a 
Co° function on JR and set, for each A > 

(i^ext*AA)((e,^),(^',^')) = / dCi^ext((e,^),(C,^0)AA(C,O 

Jb 

(/iA*i^ext)((e,s),(e',s')) = / c/ci^ext((c,s),(e',s'))/iA(c,e) 

Jb 

where (ip^ was defined in Definition IX. 4 of [FKTo2]. Denote j ( A) = min { z e IN I > A }. 
Then, there is a constant const, depending on ji, but not on M , j or A, such that 

l-f^ext * AaIi , IAa * -f^extli < const Cj(A) 

This lemma is an immediate consequence of Lemma XIII. 7 of [FKTo3]. 
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Remark E.6 In the notation of Lemma E.5, 

(Kext * M'ik) = (Aa * KextH^) = -^(k) IJ'A{k) 

As in Definition XIX. 2, we define a resectorization for functions on (iR^ x S)^. For 
a function x{k) on IR x M^, set, as in Lemma XIII. 3 of [FKTo3], 



and let 



'»^-^x(0,k)^ = y"rfxox((^o,x,T,0), (0,0,1,0)) 



a = S,,a'5a,a'5{xo - 4)x°((-l)"(x - x')) 

Then 

X°{{xo,x,a,a), (xq, x', a', a')) = 6{xo - Xq) J dt x{{t,x,a,a), (0, x', cr', a')) 

= x{ixo, X, a, a), (x'q, x', a', a')) 

Definition E.7 Let j, i > 2. Let E and E' be sectorizations of scale j and z, respectively. If 
i j, define, for each function K on (IR^ x S')^, 

KE((x,.i),(y,.2))= E / rfx'dy'x°,(x-x')K((x',4),(y',4))x^,(y'-y) 

where Xs; s G S is the partition of unity of Lemma XII. 3 and (XIII. 2) of [FKTo3]. For i = j 
and E' = S, define = K. 

Remark E.8 

i) If K is translation invariant, then K-^Ck, si, S2) = X^^/ g' ^-^ -^(k, s'l, S2) Xsi(0; k) Xs2(0; k) . 

ii) The resectorization Kj: is sectorized. 

Remark E.9 Let i^((x,s),(x',s')) be a translation invariant sectorized function on (iR^ x S')^. 
Then 

iKj:)^^^{{^,s^),{v,s2)) = / rf^'rfVi^ext((^'yi),(V,4))Xsi(e',$)Xs2(V,'7) 
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Proof: Let ^ = (xq, x, cr, a), rj = {yo,y,T,b) e B. We consider the case a = 1,6 = 0, the 
other cases are similar. Fix any s'2 £ S'. If s'l n si = or S2 n S2 = 0- 

J d^'dv'K^^t{{^'AUv',s'^))XsM^^)Xs2W,v) = =y"dx'dy'x°,(x-x')K((x',.;),(y',4))x°,(y'-y) 
Otherwise 

= S^^r J dx'ody'od^'dy' 5(cc^,-j,^) 5(cc^,-a;o) (^U-J/o) X°i ('^-x') ^((^^'.^O.Cy'.^)) X°2 (y'-y) 
= 5^,^ 5(cco-yo) J dx'dy' X°i(x-x')K((x',s;),(y',4))Xs2(y'-y) 

■ 

Proposition E.IO Let j > i > 2, jjj^ < i < j^u-i)/2 j^r^ < i' < Ma-^)/^ ^^^^ 
41 < I'. Let E and E' be sectorizations of length I at scale j and length I' at scale i, respectively. 

i) Let K((x, s), (x', s')) a translation invariant sectorized function on (H^ x E')^. Then 
a) Let -f^((x, s), (x', s')) a translation invariant sectorized function on (JR^ x E)^. T/ien 



Proof: i) By Definition E.3.iv, Remark E.9, Lemma IL7 of [FKTol], Lemma XIIL3 and 
(XIIL4) of [FKTo3], 



< const max V ||-ft:ext((-,s'i),(-,4))||l,oo||XsJ|l,oo llXsalll.oo 

< const max llxllUi IIXsJIli max ||Xext(( • • ,4)) ||l,oo 

< const C^_i |i^ext|]^ 5^/ 

< const C■i — ^ \\K\\, ^. 

since, for any s G E, there are at most three sectors s' e E' with s' Hs ^ 0. 
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ii) Similarly 



||i^E'||l,E' = |(i^EOextll,E' 



< const max V ||Kext((-,si),(-,S2))||l,oo||X°'||l,oo ||X°d|l,c 

«i.-2es' ^^^^^ 



< const max II X°'J I Li 11X4 I ki XI XI ||^irext((-,si),(-,S2))||l, 

< const C^_i [j] max XI ||^ext((-,si),(-,S2))||l,oo 

< const Ci-i [^] \\K\\^^^ 

since, for any s'l e S', there are at most const [j] sectors si e S with si fl s'^ 7^ 0. 
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Norms 



Notation 



Norm 


Characteristics 


Reference 


III ' ll|l,oo 


no derivatives, external positions, acts on functions 


Example II. 6 


II ' lll,oo 


derivatives, external positions, acts on functions 


Example II. 6 


II lloo 


derivatives, external momenta, acts on functions 


Definition IV. 6 


III ' llloo 


no derivatives, external positions, acts on functions 


Example III. 4 




derivatives, external momenta, acts on functions 


Definition IV. 6 


II lloo,B 


derivatives, external momenta, 5 C IR x TRf^ 


Definition IV. 6 


II ■ lll,B 


derivatives, external momenta, i? C IR x IR*^ 


Definition IV.6 




Pm;n|| ' ||l,oo 


Lemma V.l 


iV(>V; c,b,a) 


W'^m,n>0 «"b-||>V„,„|| 


Definition III.9 
Theorem V.2 


iVo(>V;/?;X,p) 


^o(^) Ylm+ne2JN f^^P'm;n\\^m,n\\l,oo 


Theorem VIII.6 


II ■ lUi 


derivatives, acts on functions on IR x JR^ 


before Lemma IX. 6 


II • If 


derivatives, external momenta, acts on functions 


Definition X.4 




eo(^)E^+ne2E. /3"^+>m;n ||I^;;,nir 


before Lemma X.ll 


1 • r 


like Pm;n| " | but acts on 


Theorem X.12 


N^{W; c,h,a) 




Theorem X.12 


1 • 


derivatives, external positions, all but p sectors summed 


Definition XII.9 


II • lli,s 


like 1 • J., but for functions on (JR x Sj 


Definition E.3 




f bli,E + T l'/'l3,E + F IV'I5,E if™ = 
' \aPtI'/'Ii,e ifmy^O 


Definition XV. 1 


Nj{w; a; X, S, p) 




Definition XV. 1 


1 • 


derivatives, external momenta, all but p sectors summed 


Definition XVI.4 




weighted variant of | • 


Definition XVII. l.i 


I/Ie 

12-1 


/l/li,E + Tl/l3~E + Fl/kE if™ = 

{ Ep^i t[(p-i)/2i if m 


Definition XVII. l.n 






Definition XVII.l.iii 


1 ■ lc/i,E 


channel variant of | • 1 3 5^ for ladders 


Definition D.l 


1 ■ lch,E 


channel variant of | • 1 3 5^ for ladders 


Definition D.l 


1 ■ ll,E,a; 


like 1 • li x; but excludes almost degenerate sectors 


Lemma XXI. 2 


1 ■ ll,E,u) 


like 1 ■ 1 1 s but excludes almost degenerate sectors 


Lemma XXI. 2 
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Other Notation 



Nnt'n 


Description 


L Lt-it-l C-ill^C 




logi/e^('^'^+^)rf;Us(C) 




beiore (i.l) 


T 

J 


particle/holc swap operator 




(VI.l) 








T~\ r* • j_ • T 7"TT 1 

Definition VII. 1 




number of ko derivatives tracked 




OT 7"T 

§VI 


r 


number of k derivatives tracked 




OT 7"T 

§VI 


M 


scale parameter, M > 1 




1 C T~\ r* * j_' T 7"TTT 1 

before Dennition Vlll.l 


const 


generic constant, independent of scale 






const 


generic constant, independent of scale and M 








j^^ scale function 






r>i=>finifirin VTTT 1 
J_yclliilL10ii V 111. 1 




j^^ extended scale function 




Jjennitioii v 111.4.1 




V?(M2i-i(fc2^e(k)2)) 




£1 *J_* T TTTT -1 

Definition VIII. 1 




y^{M^^-^{kl + e{k)^)) 




Dpfinition VTTT A ii 




Vp(M2j-3(A;2 + e(k)2)) 




Definition VIII.4.iii 


no 


degree of asymmetry 






Definition XVIII.3 


I 


length of sectors 






Definition XII.l 


E 


sectorization 




/ 


Definition XII.l 


S{C) 


S^PmSUp^i,...,^^€i3 ( 


/V'(ei)---V'(Urf/^c(V') 


Definition IV. 1 


B 


j-independent constant 




Definitions XV. 1, XVII. 1 


Cn 

J 


\St-i\<Cm or l(5nl">TTi 




Definition XII.2 


tj{X) 


_ 

~ 1-MJX 






Definition XV.l.ii 


/ext 


extends /(x, x') to /ext {{xq, x, <j, a), {xq, x', a', a 


')) 


Definition E.l 


* 


convolution 






before (XIII.6) 


o 


ladder convolution 






Definition XIV.l.iv 


• 


ladder convolution 






Definitions XIV. 3, XVI. 9 


J 


Fourier transform 






uenmtion lA.i.i 


u 


Fourier transform for sectorized u 




Definition XII. 4. iv 


/ 


partial Fourier transform 




ueiiiiiiioli iTv.i.ii 


X 


Fourier transform 






uenniTion 17^.4 


K 
O 


IR X IR'^ X {t,i} X {0, 1} viewed as position space 


beginning of §11 


Id 


IR X IR*^ X {t,i} X {0, 1} viewed as momentum space 


beginning of §IX 


K 

Om 


{ {mr--,Vm)eB^ 1 


171 H h 17m = } 




before Definition X.l 




(i3 X E) 






JJennition AVi.i 




functions on x B"^, antisymmetric in B^ ar^ 


^uments 


Definition II. 9 


^m{n) 


functions on B^ x i3" 


, antisymmetric in B"^ ar^ 


^uments 


Definition X.8 


Tm{n\ S) 


functions on B"^ x (^B 


X E)"^, internal momenta in sectors 


Definition XII.4.ii 


Tm{n; E) 


functions on B^ x (^B 


X E)"^, internal momenta in sectors 


Definition XVL7.i 




functions on that reorder to jFrni'n ~ ™; 




Definition XVI.T.in 
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